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I. INTRODUCTION 
In this paper we discuss the stability of the steady state solutions of second 
order parabolic differential equations of the form 
(1-l) 
xi E G, t > 0, 
au a% 
I%=~> Pij E axi axj 9 i,j = 1, 2, *a*, n. 
Sufficient conditions are put on the function F(u) to ensure that the solutions 
of equation (1.1) satisfy a strong comparison theorem to the effect that if u1 
and ua are any two such solutions and u1 < u2 in G at t = 0 and on the 
boundary aG of G for all t > 0, then z+ < ua throughout G for all t > 0. 
It follows from this that if v is a steady state solution of Eq. (1.1) [i.e., 
F(v) = 0] h’ h w rc can be imbedded in a nonintersecting family V~ of steady 
state solutions in G, then v is stable in the sense of the following definition: 
(see Bellman [l]). A solution u1 of a partial differential equation is stable 
with respect to a given class S of solutions if any other solution ua of the class 
whose initial and boundary values are sufficiently “close” to those of u1 
remains “close” to ui for all values of the independent variables. The term 
“close” will be used in the following sense: ui and ua are sufficiently close in 
a set B if the maximum of 1 ur - ua 1 in B is sufficiently small. 
Thus the stability of the steady state solutions v of (1 .l) can be decided 
from considerations concerning the solutions of the equation F(v) = 0. In 
particular, each member of a one parameter family of steady-state solutions is 
stable in any closed region not containing points at which the member touches 
the envelope of the family. 
A criterion for the stability of an equilibrium state of a mechanical system 
is furnished through the application of the so-called method of small oscilla- 
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tions [2]. This method has been extended to cover situations governed by 
systems of partial differential equations (see, for example, [3]), despite valid 
criticism of its logical consistency. In section four the criterion is to a limited 
extent justified for the class of equations considered in this paper and shown 
to be equivalent to finding the largest regions in which a given solution can be 
imbedded in a non-intersecting one parameter family of steady state solu- 
tions. 
Comparison theorems were used by Narasihman [4] and Friedman [5] in 
proving the stability of the solutions of explicit forms of parabolic equations. 
The emphasis in this paper is more on equations which have solutions un- 
stable in sufficiently large regions, and the problem of finding the boundaries 
of the regions in which solutions are critically stable. The simplicity and 
power of an approach using strong comparison theorems is illustrated in 
section five by a discussion of the stability of the steady state solutions of the 
equation 
aId -= a"u + pa at a2 
II. NOTATION 
Let G be a bounded open domain in n-dimensional x-space, aG its bound- 
ary and G its closure. We shall denote by xi, a point of G; (x1, xs, ..*, x,) are its 
coordinates in some fixed Cartesian coordinate system. Let D, be the (n + l)- 
dimensional domain in x-t-space such that xi E G and M 2 t  2 0. Denote by 
D, the interior points of this hypercylinder and let B, be the boundary set 
{(xi, t )  : xi E G, 0 < t  5 M}. 
Suppose F(xi, u,pi,pii) is defined and continuous in a region R of (xi, u, 
pi, pii)-space intersecting x,-space in a region containing G, and has continu- 
ous partial derivatives aFjau, aF/api, aF/ap,, there. Functions u which are 
defined and continuous in D, and have partial derivatives au/i%, 
&&xi (= p,), a2u/axiaxj (= pij) satisfying Eq. (1.1) in D, will be said 
to belong to the class S,. If in addition the partial derivatives are all continu- 
ous, u will be said to belong to the subclass TM. Denote by S and T the union 
of all S, and TIM respectively for positive values of M. 
Let N(E, V) denote the subset of points (xi, u, pi, pij) of R such that 
xi E G, / u - v [ < E, Ip, - av/ax, 1 < E, jpij - a27.qaxiaxj 6 B<j 1 < E, 
where Bij is the symmetric matrix of an arbitrary nonnegative form. It will 
be assumed that there exists an E > 0 and a K > 0 for which F(u) haa 
continuous partial derivatives aFjau, aF/api, aFji?p,, and 
STEADY STATE SOLUTIONS OF PARABOLIC EQUATIONS 195 
for all real vectors ti, kj at each point of N(E, v) for each v of the set T. These 
conditions imposed on F(u) are sufficient to ensure the validity of the strong 
comparison theorem mentioned earlier. 
III. STABILITY THEOREMS 
Suppose u and vi, v2 satisfy all the properties of members of the classes S 
and T respectively except that they need not satisfy Eq. (1.1). Instead we 
assume that 
F(v,) - 2 2 F(u) - g 2 I+,) - 2. 
It is proved in [6] that in these circumstances, if vt < u < va on B, and on 
(? at t = 0 then vi < II < vs in &. The following theorem is an immediate 
consequence of this and the definition of stability. 
THEOREM 1. Suppose v(xi, A) is independent of t and belongs to TM for all 
M > 0, while &j&l exists and is positive and continuous for A, < h < A, at all 
points in e. Then each v(xi, A) is stable in G with respect o the class of functions S. 
PROOF. Given any l > 0 we can always find X(E) and X(C) such that 
y’.“,g I 49 - v(J) I < E and A0 < L?(E) < h < ii(c) < A,. , 
Let r] be the least value attained by either 1 v(h) - v(h) 1 or 1 v(h) - v(x) ] 
in e. Since &/ah is positive and continuous in e, 71 must be nonzero. If 
u E S, and 1 u - v(h) I < 7 on B, and on e at t = 0 then v(X) < u < v(X) 
on the same set and the strong comparison theorem implies that the inequality 
holds throughout DM. Thus ( u - v(h) 1 < E in &, and v(h) is stable with 
respect to the functions u E S, for M > 0 and hence is stable with respect 
to the class S. 
The two equations v(xi, h) = 0, &/ah (xi, h) = 0 define the discriminant 
of the family and hence each member is stable in any region G provided e 
does not contain points of contact of the member with the discriminant. In 
the next section it is shown that essentially the same conclusions are arrived 
at using the method of small disturbances. 
IV. METHOD OF SMALL DISTURBANCES 
In practice the following approach is often used to decide the stability of a 
solution v of an equation such as (1.1) under small disturbances in its initial 
values on G. A neighbouring solution is supposed given by u = v + w and w 
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is assumed to be so small that higher powers of it can be neglected in compa- 
rison with the first power. Insertion of u in (I. I), use of the fact that F(v) = 0 
and neglect of all but first power terms in w leads to a linear homogeneous 
differential equation for w: 
The decision as to the stability of v is made on the basis of the behaviour of 
all solutions of (4.1) which vanish on B: if all such solutions are bounded for 
t > 0, the function v is called stable, if not it is called unstable. Solutions 
containing an exponential factor ept may be expected for Eq. (4.1) and if 
ePtj(xi) is such a solution, j satisfies the conditions 
in G, j = 0 on 3G. If this eigenvalue problem has only negative values for p, 
v is judged stable; if there is a positive value the solution is reckoned unstable. 
In the case where the greatest eigenvalue p is zero, the solution is said to be 
critically stable. 
Let us first observe that if v is imbedded in a one-parameter family v(X), 
of solutions of F(v) = 0, then in general L(&/aA) = 0. If &~/ah > 0 in G 
and &/ah = 0 on aG, then j = %/ah is a solution of (4.2) corresponding 
to the eigenvalue p = 0. Thus v is critically stable in the region bounded by 
the points of contact of the discriminant of the family with v. 
The conclusions as to the stability of a solution v based on the criteria 
described above are justified in part by the following results. 
THEOREM 2. Suppose f is dejined in G with continuous derivatives in G 
and satisfies the condition f > 0 in G, L(f) = 0 in G. Then v  is stable with 
respect to junctions u of class S. 
PROOF. We may clearly suppose that e is contained in the spherical 
shell C : r,/2 < r < rO, where r,, denotes the radius of the sphere. Consider 
the auxiliary function 
h(q) = f(q) - X[e-mT2 - e-arg] ; 
with the properties, h > 0 in (: for h small enough, L(h) < 0 in G if 01 is 
sufficiently large and h is of class C” in G. 
Let w = v + Eh so that F(w) = EL(h) + O(8). We see that F(w) < 0 in 
G if E > 0 and F(w) > 0 in G if E < 0 provided in each case F is small 
enough; let us say 1 e ( 5 E,,. 
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If u E S, or > 0, l a -=c 0, 1 cl 1 and 1 c2 1 are less than co and 
on G at t = 0 and on B for all t > 0, then ZU(E~) < u < zu(~r) in D since 
F[w(E~)] - $ (Ed) = F[w(q)] < F(u) - ; = 0 and 
F[w(E,)] - $- (.z2) = F[w(E,)] > F(u) - 2 = 0 in D. 
Thus by requiring the boundary values of u to lie sufficiently close to 
those of a, we can ensure that u is as close to v as we wish and hence v is 
stable in G with respect to functions of class 5’. 
If u = v on k?G for all t > 0, v is asymptotically stable (see [4]) in that u 
approaches v exponentially with increasing t if it is sufficiently close to v in G 
initially. It can be seen from the definition of h that L(h) < - ph in G for 
small enough positive values of p. If then we define w = v + ce-p&h, 
F(W) - 2 = Ee-pt[L(h) + ph] + O(Ge-“Pt) 
and so is less than zero in G if E > 0 and is greater than zero in G if E < 0, 
provided I E 1 5 co as before. Thus if u E S, u = v on 8G for all t > 0 and 
W(E2) < u < W($) (61 > 0, c2 < 0, 1 pi I and ( Ed I 5 co) on G at t = 0, 
then w(c2) < u < w(q) in G for all t > 0 and hence u approaches v at least 
exponentially. 
The general problem of proving instability in the case where the discrimi- 
nant intersects v on a closed curve lying in G is more difficult since it involves 
proving the existence of a divergent family of solutions. Existence proofs for 
nonlinear equations of the required generality have not been published. At 
most it can be proved after the manner of Theorem 2 that iff = %/ah > 0 
in a region G’, while f = 0 on 8G’ which is contained in G and f < 0 
in a neighborhood of every point of aG’ also contained in G, then any solution 
u E S which is greater than v in G’ but sufficiently close to it at t = 0, expo- 
nentially increases away from v initially. 
V. A NONLINEAR STABILITY PROBLEM 
Parabolic equations which are invariant under a continuous group of 
transformations, have a family of solutions also invariant under the group and 
defined by some invariant boundary condition. The stability of the members 
2 
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of this family is readily examined since the envelopes of the family are inva- 
riant surfaces of the transformations. 
As an example, let us consider the equation 
a24 8224 
-=- 
at ax2 + e" (5.1) 
which arises in considering the problem of the self-heating of a slab of com- 
bustiable material (see [7]). This equation is invariant under each member g, 
of the continuous group of transformations 
x-+lXX*, t + a2t*, u-u* - loge?, 
and under the members of the two translation groups 
x-+x*+p and t+t* +r. 
Any solution u(x, t) of (5.1) with continuous derivatives a2u/ax2, au/at at all 
points in the half plane - m<x<a, t >0 is thus a member of a two 
parameter family of solutions U[CX(X + /3), (u2t] - log 01~ with the same con- 
tinuity properties. The curves x2 = At, u = p - log x2 are invariant under g, 
and are the trajectories of the points of the surface u in the u-x-t-space as 01 
varies continuously. 
A family of steady-state solutions defined by the invariant boundary 
condition au/ax = 0 at x = 0 and symmetrical about x = 0 is 
ZJ(X, A) = X - 2 log cash (x/e-“j2 fi). (5.2) 
If any one curve of the invariant family u = TV - log x2 touches o(x, h) for 
any value of h it touches for all values of X and is an envelope of these steady- 
state solutions. It is readily shown that the family (5.2) has a single envelope 
curve 
u = log 2 - 2 log (x sinh k) (5.3) 
where k is the real positive root of the equation 
cash k = k sinh k. 
The steady-state solution V(X, h) touches the envelope at the point (ke-“12 42, 
h - 2 log cash k) and is therefore stable in any region 1 x 1 5 xi if 
x1 < kecAi2 2/Z?. 
Let us now show that V(X, X) is unstable in the region 1 x 1 2 x2 if 
x2 > ke-“i2 42. Since f = &~/ah is a positive solution of the linear equation 
2 + evf = 0 
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in the interval 1 x 1 5 ke-L!2 d2 which vanishes at the end points, the eigen- 
value problem 
j$ + evf = mf, f > 0 for I4 >% f= 0 at & xs, 
has a solution fi corresponding to a positive eigenvalue m,. Consider the 
function h = v + emltfi which coincides with v along 1 x ( = xa and increases 
exponentially in the interior of the interval. Since 
= e”(ez - 1 - z), x = emltfi, > 0, 
any function u E S that is greater than v in 1 x ( 5 xa at t = 0 and along 
I x 1 = xa for all t > 0, is greater than some h on the same boundaries and so 
must increase exponentially in the interval by virtue of the inequality u > h 
in that part of the region / x ) 5 xa, t > 0 for which u is defined. It only 
remains to show that there exists such a function u in some time interval 
(0, M) which at t = 0 is as close to v as one may wish. This follows from 
theorem 2 of [8] f i we can find a function h* such that 
a2h* 
-+eh* -g<O, 
ax2 
( x ( s x2, o<t<m 
and v < h* on ( x I 5 x2 at t = 0 and on j x 1 = x2 for 0 < t < M. Such a 
function is v - log (1 - Aekt) where AekM < 1 and K > v in I x 1 5 xa. 
V 
A 
I V(X,) 
Fig. 1 
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REMARK 1. The steady-state solution $X1) of Eq. (5.1) in the interval 
IXIS%( xi < kLi2 x/2) is stable to finite disturbances of limited ampli- 
tude in the following sense. If the initial and boundary deviations from 
v(h,) are bounded by v(h,) and v(h,) (see Fig. 1) then the solution lies between 
these curves in the t-interval (0, M) if it is of class S,. On the other hand, 
if the initial and boundary disturbances are bounded below by n(X,), the 
solution must tend to infinity with t since I is unstable in 1 x / 5 xi. 
REMARK 2. Equation (5.1) has a one-parameter set of solutions 
u = - log (M - t) which are independent of X. These solutions exist only 
in S,. It is possible that solutions of Eq. (5.1) which are unbounded in D 
and satisfy a boundary condition u = v(h,) at 1 x ( = x1 for t > 0 exist only 
in a finite t-interval too. For this reason it was considered necessary to prove 
stability in the class S consisting of the union of all classes S, instead of 
in S,. 
REMARK 3. The method used here to find the region of stability of a 
steady state solution can be applied as readily to parabolic equations of the 
form 
This type of equation is invariant under the group of transformations 
x + lxx*, t + Lx-t*, u + ol(P-o--Pl/(n-l)U*, 
The differential equation governing the steady-state solutions is the Emden- 
Fowler equation. A treatment of this equation is to be found in [9]. The 
envelopes of the steady-state solutions satisfying au/ax = 0 at x = 0 belong 
to the invariant family u = k~(P-~-*)l(+l). 
REMARK 4. In one important special case it is possible to give a sufficient 
condition for the stability of a mechanical system. The case concerns the 
equilibrium of a conservative system. 
Dirichlet showed that a motion is stable about a position of equilibrium 
if the potential energy is a minimum in the equilibrium position. A similar 
result holds for the steady-state or equilibrium solutions u of Eq. (1.1) in the 
case where F(u) is the Euler equation corresponding to an energy integral 
I = Jz H(x, U, p)dx. A necessary condition that u minimize I is that it can be 
imbedded in a field of nonintersecting solutions of F(u) = 0. That this is 
sufficient for the stability of u follows from Theorem 1. In the case of 
Eq. (5.1) 
g+ e” = 0 
is the Euler equation associated with H(x, u, 9) = p2 + 2eU. 
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